
.\ 

.. 

Technical Report No. 110 

Mechanical Breakdown of 
Oriented Solids 

Under Time Dependent Loads 

t 

. .  
, 

, -  

S. R. Moghe and C.  C .  Hsiao 
University of Minnesota, Minneapolis, Minnesota 

February 1967 

Prepared under 
NASA Grant NGR-24-005-071) 

I 

n 0 

(CODE) 

3 2 ,  
(CATEGORY) 

, 



T e c h n i c a l  R e p o r t  Eo. 110 

IECEANICAL BREAKDOWN OF SRlENTED SOLIDS 

UNDER TIME DEPENDENT LOADS 

S ,  R .  Moghe and  C .  C. Hsiao  
L n i v e r s i t y  of Minnesota, Minneapol i s ,  Minnesota  

Februa ry  1 9 6 7  

Pr?pared under 

N A S A  Grant  NGR-24-005-070 



Mechanical  Breakdown of Or i en ted  S o l i d s  
Under Time DeDendent Loads* 

S.  R .  Moghe and C. C .  H s i a o  
U n i v e r s i t y  of Minnesota ,  Minneapol i s ,  Minnesota  

A g e n e r a l  t h e o r y  d e s c r i b i n g  the  t i m e  dependent  
mechanica l  breakdown phenomena for homogeneous, o r i e n t e d  
s o l i d s  s u b j e c t e d  to t i m e  dependent  s t r e s ses  i s  f o r n i u l a i e d .  

T n e  k i n e t i c  n a t u r e  o f  t h e  Kici-oscopic molecu la r  b c h a v i o r  
i s  t a k e n  i n t o  a c c o u n t .  Approximate s o l u t i o n s  f o r  t i m e  
r e q u i r e d  to f r a c t u r e  under  r e p e a t e d  l o a d i n g  co r?d i t ions  
a r e  examined. Some pa rame te r s  i n v o l v e d  i n  t h e  t h e o r y  
a r e  d i s c u s s e d .  Wi th in  a l a r g e  r ange  of  v a r i o u s  a p p l i e d  
p e r i o d i c  t e n s i l e  s t resses  t h e  l o g a r i t h m  of t ime- to -  
f r a c t u r e  i s  found to be a l m o s t  l i n e a r l y  r e l a t e d  w i t h  

t he  maximum a m p l i t u d e  of t h e  a p p l i e d  s t r e s s .  A s  t h i s  

maximax a m p l i t u d e  g e t s  s m a l l e r  and srnaller t he  t i m e  
r e q u i r e d  f o r  f r a c t u r e  becomes g r e a t e r  and g r e a t e r  and  
a p p r o a c h e s  to i n f i n i t y  for a c e r t a i n  small l i m i t i n g  
v a l u e .  

*Supported i n  p a r t  by  t h e  N a t i o n a l  A e r o n a u t i c s  and 
Space Admini s t r a t i o n  
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I NTRODUCT I ON 

T h i s  r e p o r t  i s  a c o n t i n u a , t i o n  of  a s e r i e s  of 
a r t i c l e s  on t h e  development o f  a t h e o r y  c o n c e r n i n g  
t h e  t ime  dependent  n a t u r e  o f  t h e  mechanica l  breakdown 
o f  homogeneous, o r i e n t e d ,  and s t ressed s o l i d s .  We 
sha l l  c o n s i d e r  here  t h e  s t r e n g t h  b e h a v i o r  o f  a s o l i d  
a f f e c t e d  b y  mic roscop ic  changes when s u b j e c t e d  to t i m e  
dependent  l o a d s ,  p a r t i c u l a r l y  t h o s e  r e p r e s e n t e d  by 

p e r i o d i c  l o a d i n g  f u n c t i o n s .  

t h e  problem of  c a l c u l a t i n g  t h e  expec ted  d i s t r i b u t i o n  of  
t i m e s - t o - b r e a k  f o r  a r e p r e s e n t a t i v e  e lement  o r i e n t e d  i n  
d i f f e r e n t  p o s s i b l e  d i r e c t i o n s  and i n  t u r n  f o r  a n  e n t i r e  
s o l i d  composed of  a sys tem o f  e l e m e n t s  when s u b j e c t e d  
to t i m e  dependent  l o a d i n g  h i s t o r i e s .  Dur ing  t h e  
l o a d i n g  p r o c e s s ,  u n t i l  t h e  o c c u r r e n c e  of  f r a c t u r e ,  
t h e  v a r i a t i o n  i n  t h e  molecu la r  f o r c e s  r e p r e s e n t e d  b y  
t h e  e l e m e n t s  t h roughou t  t h e  s o l i d  must be c o n s i d e r e d  
i n  t h e  a n a l y s i s .  The s t r e n g t h  b e h a v i o r  such  a.s t h e  

1-4 

The t h e o r y  o f  b r e a k i n g  k i n e t i c s  i s  concerned  w i t h  

u l t i m a t e  s t r e n g t h  of  t h e  s o l i d  i s  i n t i m a t e l y  t i e d  to 
t h e  s t r e n g t h  d i s t r i b u t i o n  and o r i e n t a t i o n  of  a l l  t h e  

i n d i v i d u a l  m i c r o s c o p i c  e l emen t s  i n  t he  e n t i r e  s o l i d .  I n  
o r d e r  t o  take i n t o  accoun t  t hese  f e a t u r e s ,  t he  mathemat- 
i c a l  model u sed  th roughou t  t he  c o u r s e  of  t h i s  a n a l y s i s  
i s  a matrix of  o r i e n t e d  e lements  embedded i n  a n  a r b i t r a r y  
domain. For s i m p l i c i t y ,  c o n s i d e r  t h a t  t h e  model c o n s i s t s  
o f  a l a r g e  number of i d e n t i c a l  l i n e a r  e l e m e n t s  d i s t r i b u t e d  
c o n t i n u o u s l y  i n  t h e  e n t i r e  s y s t e m ,  For such  a system, 
t h e  s ta te  of  s t ress  i n  t h e  v i c i n i t y  of a p o i n t  i n  t h e  

s o l i d  may be e x p r e s s e d  b y  the  t ime  dependent  s t ress  
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t e n s o r  o i j  ( i , j  = 1,2,3) i n  a r e c t a n g u l a r  c o o r d i n a t e  
sys t em 1. . 

where E r e p r e s e n t s  a s t a t e  o f  f i n i t e  homogeneous 
s t r a i n  which s e r v e s  as a measure of t he  o r i e n t a t i o n  
of  t h e  e l emen t s  r e s u l t e d  from de fo rma t ion ,  t i d e n t i p i e s  
t he  t i m e .  
d i s t r i b u t i o n  f u n c t i o n  of o r i e n t a t i o n  d e s i g n a t e d  by 
s p h e r i c a l  c o o r d i n a t e s  ( e , @ ) ,  $ ( O , @ , t )  i s  t h e  t i m e  
dependent  a x i a l  s t r e s s  on any r e p r e s e n t a t i v e  e lement  
a l o n g  t h e  d i r e c t i o n  d e f i n e d  by t h e  s p h e r i c a l  c o o r d i n a t e s  
( 8 ,  @ ) ,  f ( e ,  @, t > i s  t h e  f r a c t i o n  of unbmken  elerrients 
as  a f u n c t i o n  of  o r i e n t a t i o n  and  t i m e ,  s and s a re  
u n i t  v e c t o r s ,  and  du, i s  a n  i n f i n i t e s i m a l  s o l i d  a n g l e  
w i t h i n  which t h e  e l emen t s  a r e  c o n s i d e r e d  to be pa ra l l e l .  
I n t e g r a t i o n  i s  performed s o  as to c o v e r  a l l  t h e  p o s s i b l e  
o r i e n t a t i o n  o f  t h e  e lements  c o n t a i n e d  i n  t he  e n t i r e  
s o l i d .  

p(Q,@,&) i s  the p r o b a b i l i t y  d e n s i t y  of t h e  

i 3 

Depending upon t h e  nature  of m o l e c u l a r  c o n s t i t u t i o n ,  
two l i m i t i n g  c a s e s  or t he i r  combina t ions  may be r e a l i z e d .  
For a sys tem of randomly o r i e n t e d  e l emen t s ,  if E i s  a 
measure of homogeneous f i n i t e  s t r a i n ,  t h e n  1 

(1 + E ) 3  
P ( W , E >  = 2 3 2 3/2 p ( O )  [ c o s  e + (1 + E )  s i n  e ]  

where p ( 0 )  = 1/4n, a c o n s t a n t ,  r e p r e s e n t s  t h e  random 
d i s t r i b u t i o n  f u n c t i o n  of o r i e n t a t i o n .  I n  t h e  c a s e  of 
a sys tem w i t h  randomly o r i e n t e d  and f l e x i b l y  connec ted  
e l e m e n t s  a t  t h e i r  end jo in t s ' :  
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where a i s  a s s o c i a t e d  wi th  E as f o l l o w s  

a+l 
2% 4a I n  -1 2 & = - [ a +  1 + -  a-1 a-1 

The q u a n t i t y  f ( 0 ,  @, t ) i s  i n t r o d u c e d  th rough  
c o n s i d e r i n g  the  a b s o l u t e  r e a c t i o n  r a t e  a.nd n o n l i n e a r  
v i s c o s i t y .  I t ' s  t ime r a t e  o f  change ca.n be g i v e n  as  
f o l l o w s :  

are  the  r a . t e  c o e f f i c i e n t s  f o r  r e f o r m a t i o n  and breaka.ge 
of t h e  e l emen t s  r e s p e c t i v e l y .  
a . r e  ma . t e r i a1  c o n s t a n t s  and T i s  the  a . b s o l u t e  t empera , tu re .  

w r' u+,  y y  f3, U and R 

The s o l u t i o n  to t h e  govern ing  equa . t i ons  (l), ( 5 )  
a.nd e i t h e r  ( 2 )  or ( 3 )  t o g e t h e r  w i th  a n  a . p p r o p r i a t e  
f r a c t u r e  c r i t e r i o n  w i l l  ena.ble u s  to p r e d i c t  t h e  t i m e  
r e q u i r e d  to f r a c t u r e  tb f o r  a s o l i d .  

i t s  c o n s t i t u e n t  e l emen t s  a r b i t r a , r i l y  o r i e n t e d  to a.ny 
d e g r e e  unde r  a g e n e r a l  s t a . t e  of s t ress .  
of  a p o i n t  unde r  c o n s i d e r a t i o n ,  l e t  t he  s t r e s s  t e n s o r  
be g i v e n  i n  t he  f o l l o w i n g  form: 

Le t  u s  now c o n s i d e r  the s t r e n g t h  of  a s o l i d  w i t h  

I n  t h e  v i c i n i t y  

( 4 )  



5 

O i j ( t )  = Do < ( t )  ij 

are  c o n s t a n t s  and where < ( t )  i s  a p i e c e w i s e  ‘i j 
c o n t i n u o u s  f u n c t i o n .  S u b s t i t u t i n g  i n t o  (1) we o b t a i n  

It can  be e a s i l y  shown from the  above e q u a t i o n  t h a t  we 
must have  t h e  f o l l o w i n g  r e l a t i o n :  

where w ( Q , @ ) ,  a n  a r b i t r a r y  f u n c t i o n  dependent  s o l e l y  
upon o r i e n t a t i o n ,  i s  to be de te rmined  l a . t e r .  Equa.t ion 
( 9 )  h o l d s  f o r  e v e r y  r e p r e s e n t a t i v e  e lement  i n  a.n 
a r b i t r a r y  d i r e c t i o n  ( e , @ ) .  E l i m i n a t i n g  f rom ( 5 )  a.nd 
( 9 )  we o b t a i n ,  

where F i s  d e f i n e d  as  

F [ f , v < ]  R b f  e x p ( v )  - SZ (1 - f )  e x p ( -  - W C )  r f 

and  f i s  unde r s tood  to b e  a f u n c t i o n  o f  o r i e n t a t i o n  
( e , @ )  and t i m e  t ,  w, a f u n c t i o n  o f  ( e , @ )  o n l y  and C y  
a f u n c t i o n  of  t o n l y .  
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Also  

U 
Qb = % e x P ( -  m) 

U R = cu e x p ( -  -) 
P r RT 

I f  we e l i m i n a t e  f i n s t e a d  of II/ f rom ( 5 )  a.nd ( 9 ) ,  t h e n  

where Y i s  d e f i n e d  a s  

a.nd ?,b i s  unde r s tood  to be a f u n c t i o n  of ( e , @ )  and t .  
E q u a t i o n  ( 1 0 )  or ( 1 2 )  depends upon o r i e n t a t i o n  of  t h e  
r e p r e s e n t a t i v e  e lement  and w i l l  have d i f f e r e n t  s o l u t i o n s  
a l o n g  d i f f e r e n t  d i r e c t i o n s .  Assuming t h a t  a l l  e l e m e n t s  
w i l l  break when e i t h e r  f + 0 or 1c/ .-, qb ( s a y )  where qb 
i s  a c o n s t a n t ,  i ndependen t  of  o r i e n t a t i o n ,  t ha t  i s  
f r a c t u r e  w i l l  o c c u r  when 

depending  upon whether  ( 1 0 )  or ( 1 2 )  i s  c o n s i d e r e d .  
Also,  f o r  convenience  wi thou t  l o s i n g  g e n e r a l i t y ,  we 
assume tha t  a l l  t he  elements are  unbroken i n i t i a l l y ,  
and  we have 
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Now o u r  problem reduces  to, f i r s t l y ,  f i n d i n g  the  
t i m e s - t o - b r e a k  t ( 8 ,  $)  for i n d i v i d u a l  e l emen t s  f rom 
( 1 0 )  or ( 1 2 )  w i t h  t h e  h e l p  of  ( 1 4 )  and  (15 ) ;  and 
s e c o n d l y  c o r r e l a t e  t he  s t a t i s t i c a l  t ime- to -b reak  Fb 

b 

for t he  e n t i r e  s o l i d  w i t h  
L e t  u s  assume t h a t  a i j ( t )  
r e p r e s e n t a t i v e  e lement  i s  
s i n g  o u r  a t t e n t i o n  on one 

v a r i o u s  v a l u e s  of t b ( e , $ ) .  
i n  ( 7 )  a r e  such  that  each  
under  t e n s i o n .  Then f o c u s -  
r e p r e s e n t a t i v e  e lement ,  t h e  

problem s o  d e f i n e d  by ( 1 0 )  o r  (12), t o g e t h e r  w i t h  

( 1 4 )  and  (15) i s  we l l  posed and  has a s o l u t i o n .  
i t  can  b e  shown t h a t  f and $ are  monotone d e c r e a s i n g  
and  i n c r e a s i n g  f u n c t i o n s  r e s p e c t i v e l y  of  t i m e  t h rough-  

f i n i t e  and  con-nega t ive  whereas F i s  rea.1,  f i n i t e  and  
n o n - p o s i t i v e .  If p< i s  denoted by 0 and i s  a p i e c e w i s e  
c o n t i n u o u s  f u n c t i o n  of t, then  i t  f o l l o w s  from ( 9 )  

t h a t  e i t h e r  f o r  9 o r  b o t h  must be piecewise c o n t i n u o u s .  
However, c o n t i n u i t y  o f  f i s  n e c e s s a r y  because  i n  a 
p h y s i c a l  system as d e f i n e d  the number of unbroken 
e l e m e n t s  would n o t  change a b r u p t l y  d u r i n g  a d i s c o n t i n -  
uous  v a r i a t i o n  i n  l o a d i n g .  A d i s c o n t i n u i t y  i n  ?+b a r i se s  
b e c a u s e  of ( 9 )  and i s  expec ted  i n  p h y s i c a l  systems 
even  though f i s  c o n t i n u o u s .  T h e r e f o r e ,  i n  t h e  c a s e  
o f  a g i v e n  c o n t i n u o u s  l o a d i n g  f u n c t i o n  0 ,  e i t h e r  ( 1 0 )  

or (12 )  t o g e t h e r  w i t h  ( 1 4 )  and (15)  d e t e r m i n e  t h e  
s o l u t i o n  of t he  problem comple t e ly .  
l o a d i n g  f u n c t i o n  0 however, we must s o l v e  ( 1 0 )  ra ther  
t h a n  ( 1 2 ) .  Now l e t  u s  assume t h a t  

A l s o  

UUL -..L L 1 -  ~ r l e  r ange  0 5 t 5 t b ( 8 , a ) .  Moreover Y i s  rea l ,  

For a p i e c e w i s e  

Then c l e a r l y  t h e  bounds on t b ( e , $ )  are 
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a n d  e q u i v a l e n t l y  i n  terms of  $ 

p r o v i d e d  t h a t  t he  i n t e g r a l s  e x i s t .  It may be  mentioned 
a t  t h i s  stage t h a t  i n  o r d e r  to g e t  a f i n i t e  uppe r  bound, 

f o r  which t h e  uppe r  bound becomes i n f i n i t e  . Other-  
wise t h e  r e s u l t s  c e a s e  to be mean ingfu l .  Fo r  a c o n s t a n t  
a p p l i e d  l o a d ,  i . e .  cr = c o n s t a n t ,  t h e  s o l u t i o n  t o  e i t h e r  
( 1 0 )  o r  ( 1 2 )  can b e  e a s i l y  o b t a i n e d  th rough  i n t e g r a t i o n  
by q u a d r a t u r e  2'3'4. Also i f  t h e  t i m e  dependent  l o a d i n g  
cr i s  such  t h a t  i t s  minimum v a l u e  i s  of  l a r g e  magnitude,  
the  i n f l u e n c e  of  r e f o r m a t i o n  p r o c e s s e s  on f r a c t u r e  
becomes n e g l i g i b l e  and ( 1 2 )  r e d u c e s  to 

must be g r e a t e r  t h a n  some c r i t i c a l  v a l u e  ocF > 0 %I n 2,4 

which y i e l d s  a s o l u t i o n  by q u a d r a t u r e  p r o v i d e d  t h a t  
G = oo(O,@) e x p ( c t )  where 0 depends upon ( e , @ )  and 
c i s  a c o n s t a n t .  
becomes 

0 
Then t h e  t ime- to -b reak  t b ( e , @ )  



9 

which can b e  e v a l u a t e d  eas i ly .  We can o b t a i n  t he  same 
r e s u l t  as i n  ( 1 9 )  b y  c o n s i d e r i n g  e q d a t i o n  ( 1 0 )  r a the r  
t h a n  ( 1 2 ) .  T h i s  i s  n o t  s u r p r i s i n g  s i n c e  e q u a t i o n s  ( 1 0 )  

a n d  ( 1 2 )  are d e r i v e d  from t h e  same system of  e q u a t i o n s  
( 5 )  and  ( 9 )  and are  comple t e ly  e q u i v a l e n t .  Such a s imple  
r e s u l t  cannot  be expec ted ,  however, i f  cr i s  n o t  v e r y  
l a r g e  i n  o r d e r  to w a r r a n t  the u s e  of  (18) or i s  a p e r i o d i c  
f u n c t i o n  i n v o l v i n g  low s t r e s s  v a l u e s .  For low s t resses ,  
t h e  r e f o r m a t i o n  p r o c e s s e s  o f  t he  e l e m e n t s  w i l l  i n f l u e n c e  
t he  t i m e  dependent  f r a c t u r e  c o n s i d e r a b l y  and ca.nnot be 

n e g l e c t e d .  
With regard to t h e  c a l c u l a t i o n  of  t b ( 8 , @ )  f o r  cases 

ir! which the  a p p l i e d  s t resses  and  t h e  r e s c l t i n g  st.resses 
(t) i n  the  v i c i n i t y  of a p o i n t  unde r  c o n s i d e r a t i o n  ‘i j 

o s c i l l a t e  wi th  a p e r i o d  T = l /p,  i t  i s  r e c o g n i z e d  t h a t  
the  l o a d  cr on a n y  r e p r e s e n t a t i v e  e lement  w i l l  a l s o  b e  
p e r i o d i c ,  t h u s  

where p i s  the  f r e q u e n c y  and  n i s  the  number of  c y c l e s  
e l a p s e d .  We r e s t r i c t  ou r  d i s c u s s i o n  to a l l  t h e  cry f o r  
a l l  T > 0 t h a t  are p iecewise  c o n t i n u o u s  and  

Also t h e  f r e q u e n c y  p i s  assumed large and  i n  t u r n  i s  
the  number o f  c y c l e s  to f r a c t u r e  nb. 
p o s s i b l e  to o b t a i n  a n  exac t ,  a n a l y t i c a l  s o l u t i o n  o f  
t h e  sys t em of  gove rn ing  e q u a t i o n s  i n  terms of  known 
f u n c t i o n s  a t  t h e  p r e s e n t  t i m e .  However, f o r  t he  pu rpose  
of g a i n i n g  some u s e f u l  and  r e a s o n a b l e  u n d e r s t a n d i n g  

It does  n o t  seem 



1 0  

of the  f r a c t u r e  problem d e f i n e d  b y  (lo), (14), (15) 

and  (20), l e t  u s  r e p l a c e  t h e  f u n c t i o n  F [ f , o ]  by a 
f u n c t i o n  F(f) such t ha t  

where i n t e g r a t i o n  i s  performed w i t h  r e s p e c t  t o  t by  
assuming f t o  b e  independent  of t i m e .  Equa t ion  ( 2 1 )  

can  be  o b t a i n e d  by minimizing t h e  s q u a r e  e r r o r  between 
the  two f u n c t i o n s  o v e r  each c y c l e .  For t h e  c l a s s  of 
problems under  c o n s i d e r a t i o n  here,  t h i s  a p p r o x i m a t i o n  
i s  j u s t i f i e d  s i n c e  for a s h o r t  p e r i o d  z t h e  v a r i a t i o n .  
of f over any  c y c l e  can be assumed to be  small. T h i s  
may be expec ted  f r o m  ( 1 4 )  and (15) s i n c e  f changes from 
one to z e r o  ove r  a l a r g e  number of c y c l e s .  
p rocedure  based  on ( 2 1 )  has been  s u c c e s s f u l l y  used  b y  
Coleman and Marquardt5 who o b t a i n e d  r e a s o n a b l e  r e s u l t s  
for a c e r t a i n  range  of l oads  and  f o r  l a r g e  f r e q u e n c i e s .  
Then u s i n g  (21), we o b t a i n  a d i f f e r e n t i a l  e q u a t i o n ,  
e q u i v a l e n t  to ( 1 0 )  i n  t h e  f o r m  

S i m i l a r  

d f  - dt  = - F ( f )  

which can  be  i n t e g r a t e d  by q u a d r a t u r e  t o  g i v e  t h e  t i m e -  
t o - b r e a k  t as b 

I n  ( 2 2 )  we have r e p l a c e d  ( 1 0 )  by a v e r a g i n g  b o t h  
s i d e s  ove r  a c y c l e  a f t e r  assuming b o t h  f and d f / d t  to 
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be  c o n s t a n t  d u r i n g  i n t e g r a t i o n  because  o f  t h e i r  s l o w l y  
v a r y i n g  n a t u r e .  If w e  c o n s i d e r  t ha t  f r a c t u r e  does  o c c u r  
a t  t h e  end of  nb c y c l e s ,  t hen  tb = mb and from ( 2 3 )  

Another  way of approx ima t ing  F [ f , a ]  i s  to r e p l a c e  
0 by a c o n s t a n t  o0 such  t h a t  t h e  i m p u l s e s  o v e r  h a l f  t h e  
c y c l e  i n  b o t h  c a s e s  a r e  e q u a l .  T h i s  y i e l d s  

(’) and (ro (2) a re  f u n c t i o n s  of  o r i e n t a t i o n  where 5 

( e , @ )  and the s o l u t i o n  t o  ( 1 0 )  becomes 
0 

which can  be e v a l u a t e d .  
may be e x p e c t e d  to b e  good f o r  l o a d s  a t  high f r e q u e n c i e s  
b u t  i t  i s  d i f f i c u l t  to est imate  t h e  e r r o r s  i n v o l v e d .  
Also  t h e  computa t ions  are q u i t e  cumbersome s i n c e  w e  
must compute t he  v a l u e  of  f a t  t h e  end o f  e a c h  h a l f  
c y c l e  i n  o r d e r  to o b t a i n  tb. 
a l a r g e  number of  a l g e b r a i c  e q u a t i o n s  w i t h  more and 
more terms as  t h e  f r equency  becomes la rger  and  larger .  

Having o b t a i n e d  the  t i m e s - t o - b r e a k  t b ( e , @ )  f o r  

T h i s  approx ima te  s o l u t i o n  ( 2 6 )  

T h i s  would i n v o l v e  s o l v i n g  
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i n d i v i d u a l  r e p r e s e n t a t i v e  e lements ,  s t a t i s t i c a l  methods 
can  be used  i n  o b t a i n i n g  t h e  t ime- to -b reak  f o r  t he  
e n t i r e  s o l i d  . If e,(t) a r e  t he  small s t r a i n s ,  t h e n  
f rom the  d e f i n i t i o n  

b 3 

where E i s  t h e  e l a s t i c  c o n s t a n t  f o r  a n y  r e p r e s e n t a t i v e  
e l emen t .  S u b s t i t u t i n g  i n t o  (1) we g e t  

where 

I f  we d e f i n e  Bijm as the  i n v e r s e  o f  Ci jm such  that  

t h e n  
E e m ( 0 )  = Bijm<(0)aqj  

and  f i n a l l y  
0 

id%@) = Bi jmOi jSmSn  

Here b o t h  C i j m  and Bijmn a re  f u n c t i o n s  of  o r i e n t a t i o n  
s t r a i n  E .  S u b s t i t u t i n g  (31) i n t o  ( 2 3 ) ,  we can  e v a l u a t e  
t h e  t i m e - t o - b r e a k  tb ( e , @ )  for a r e p r e s e n t a t i v e  e lement  
d i r e c t e d  a . long ( 0 ,  @ )  . Equa t ion  (31 )  d e f i n e s  a. g e n e r a l -  
i z e d  s u r f a c e  for ea.ch d i r e c t i o n  ( e , @ )  i n  s i x  c o o r d i n a t e s  
ao 
b r e a k  or n o t  under  a g iven  s t a t e  of l o a d i n g .  The 

and d e t e r m i n e s  whether a g i v e n  e lement  w i l l  e v e r  i j  

s t a t i s t i c a l  va.lue tb f o r  a complete  s o l i d  sys tem i s :  
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p rov ided  t h e  i n t e g r a l s  e x i s t .  Here we ha.ve assumed a 
con t inuous  d i s t r i b u t i o n  of e l emen t s  t h roughou t  t h e  
s o l i d .  However, no d i f f i c u l t i e s  a r e  encoun te red  i n  
c a s e  t h e  d i s t r i b u t i o n  i s  d i s c r e t e .  Through t h e  u s e  
of t h e  r e l a t i o n  

w e  can  r e w r i t e  ( 3 2 )  as 

which can be  e a s i l y  computed once tb i s  known. 

e l emen t s  are  d i r e c t e d  a l o n g  x - d i r e c t i o n ,  s u b j e c t e d  
to a un i fo rm s imple  t e n s i o n  ~ ~ ~ ( t )  = 0 ~ ~ 5 ( t ) ,  e q u a t i o n s  
( 9 )  and ( 1 0 )  r educe  to 

For a comple t e ly  o r i e n t e d  s o l i d ,  i n  which a l l  t h e  

3 0 

and 

which can be  e a s i l y  s o l v e d ,  All t h e  p r e c e d i n g  e q u a t i o n s  
f o r  a g e n e r a l  p a r t i a l l y  o r i e n t e d  s o l i d  a p p l y  to comple te ly  
o r i e n t e d  s o l i d  i f  we s u b s t i t u t e  p ( Q , @ )  b y  033. 

e n t i r e  s o l i d  w i l l  b r e a k  a t  t h e  same t ime  as  any  

0 The 
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r e p r e s e n t a t i v e  i n d i v i d u a l  e lement  s i n c e  t h e  s o l i d  i s  
assumed t o  be homogenecus with p e r f e c t l y  o r i e n t e d  
e l e m e n t s .  

I n  o r d e r  t o  o b t a i n  some i d e a  a b o u t  the  r e s u l t s ,  
l e t  u s  s p e c i a l i z e  t o  t h e  f o l l o w i n g  t y p e s  o f  l o a d i n g .  

1 )  R e c t a n g u l a r  P u l s e s  

r e c t a n g u l a r  p u l s e s  d e f i n e d  as 
When t h e  p e r i o d i c  l o a d i n g  h i s t o r y  i s  a se r i e s  of  

r 

Some b '  S u b s t i t u t i n g  i n t o  ( 2 1 )  we can compute t 
n u m e r i c a l  r e s u l t s  a r e  o b t a i n e d  for x = l / 2  and  assumed 

4 c o n s t a n t s  y, B ,  ur and % (for aluminum a t  4 O O 8 C )  

a n d  v a r i o u s  v a l u e s  of  4 = 0 /O The r e s u l t s  a re  
shown i n  F i g u r e  1. 

2 1' 

2 )  Saw Tooth  Loads 
I f  t h e  l o a d i n g  f u n c t i o n  i s  a s e r i e s  of t r i a n g u l a r  

p u l s e s  g i v e n  by 

0 -0 
2 t  O2 + xz ( 0  I t I X T )  

( 3 8 )  
0 -0 

1 2  ( t - X T )  ( X T  I t 5 z; x < 1) i O1 - -(Tz-JT 

( Jg3 r ( t )  = 

t h e n  F( f ) becomes 
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I f ,  i n s t e a d  of (58) we have a l o a d i n g  

CJ - c T  
1 2 t  (0 s t  < T )  + T  

( t  = T )  “2 

0 
0 ,yt> = 3.2 

We a g a i n  ob ta i r -  tr!e same e x p r e s s i o n  as i n  ( 3 9 )  for 
F(f). 
i n d e p e r d e p t  of‘ x. XJmerical r e s y l t s  i n  t h i s  case are  
 show^ i n  F i g .  2 fer v a r 5 o u s  v a l u e s  of 4 = a2/a1 assuming 
the Same v a l ~ ~ a  fc;r c a r s t a r t s  7.. 6, cu 

I 

It i s  clea:? f r m  ( 3 9 )  that  t h e  L m c t i o n  F(f) i s  

and % as i n  t h e  
P 

3 )  SinY.scida1 Load.5 
The sinusoidal ioadirig h i s t o r y  of t h e  f o l l o w i n g  

form i s  rJf I m p a r t a n c e  her-ause of  obvious  p r a c t i c a l  
e n g i n e e r i n g  a p p l i c a t i s n s  

where o0 i s  t h e  s t a t i c  mean or a v e r a g e  s t r e s s .  
y11Amber of  e x p e r i m e n t a l  results d e a l  w i t h  t h i s  t y p e  of  
l o a d i n g  h i s t o r y .  Canseqoerl t ly ,  t h e r e  exists a good 
d e a l  of  e x p e r i m e n t a l  d a t a  for comparison.  I n  t h i s  
c a s e  we Gbtain 

A l a r g e  
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where Io(") = Io(-") i s  t h e  z e r o t h  o r d e r  h y p e r b o l i c  
E e s s e l  f u n c t i o n .  Through t h e  u s e  of  (41), we can 
ecmpute t ime- to -b reak  t, eas i ly  for v a r i o u s  v a l u e s  of  
0 and ol. V n f o r t u n a t e l y  t h e  i n t e g r a l  cannot  be e x p r e s s e d  
i n  a c l o s e d  form. Numerical r e s u l t s  based on c o n s t a n t s ,  
assumed to be same as p r e v i o u s  c a s e s  are  shown i n  F i g u r e  3. 

It s h o c l d  b e  p o i n t e d  c u t  t h a t  a l l  of t h e  numer i ca l  
r e s u l t s  a r e  m o t i v a t e d  toward e s t a b l i s h i n g  t h e  q u a l i t a t i v e  
n a c u r e  ot' t h e  t i m e  dependent  f r a c t u r e  b e h a v i o r  o n l y .  
It a p p e a r s  t h a t  i t  i s  s u c c e s s f u l  as  f a r  as t h i s  pu rpose  
i s  concerned .  However, for q u a n t i t a t i v e  comparison 
wi th  a n y  e x p e r i m e n t a l  d a t a ,  t h e  v a r i o u s  c o n s t a n t s  i n  
t h e  f o r m l a t i o n  w i l l  have to be  p r o p e r l y  determif ied.  

0 
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